To provide a theoretical basis for metal honeycombs used for buffering and crashworthy structures, this study investigated the outof-plane crushing of metal hexagonal honeycombs with various cell specifications. e mathematical models of mean crushing stress and peak crushing stress for metal hexagonal honeycombs were predicted on the basis of simplified super element theory.
Introduction
With increased competition being placed on the transportation industry, an increasing number of transportation vehicle manufacturers are looking for advanced buffering structures to make their vehicles light and small. Metal honeycomb structure, a classic type of cellular structure, has long been recognized as an excellent lightweight structural material due to its properties of low density, stiffness, controllable deformation, and high-energy absorption [1] [2] [3] [4] . One practical application for metal hexagonal honeycomb structures is energy absorbers, which are frequently adopted in the automotive industry [5] [6] [7] [8] . is type of metal honeycomb structure has also been used as a shock absorber in the Apollo 11 landing module [3] .
For a considerable understanding of the crashworthy behavior of metal honeycombs, comprehensive studies have been conducted using analytical, numerical, and experimental methods. Initially, Mc Farland [9] presented a semiempirical model to predict the crushing stress of hexagonal cell structures subjected to axial loading, which is the basic idea in the understanding of crush strength for honeycombs. ereafter, Wierzbicki [3] predicted the axial mean crushing stress of hexagonal honeycomb structures based on super folding element theory and explained that the buckling of the cell wall was attributable to plastic flow over a toroidal surface. In a followed-up study, Wu and Jiang [10] and Liaghat and Alavinia [11] focused on theoretical studies about the wavelength of the honeycomb folding mode. Recently, a simplified approach to derive the analytical solution of the mean crushing force of multicell thin-walled structures has been developed by Chen and Wierzbicki [12] . ey proposed a basic folding element consisting of four extensional triangular elements and four stationary hinge lines, which is different from previous models with trapezoidal, toroidal, conical, and cylindrical surfaces with moving hinge lines. A simplified approach was also used by Zhang et al. [13, 14] , and Yin and Wen [15] to predict the mean crushing stress of different topological honeycomb structures. Moreover, with simulation techniques improved, numerical simulation has been used to investigate the crashworthiness of honeycombs [16, 17] . Yamashita and Gotoh [16] investigated the effect of cell shape and foil thickness on crush behavior by numerical simulation, impact, and quasi-static experiments.
Aktay et al. [17] proposed several different numerical simulation methods of quasi-static compression and made experimental studies on honeycomb structures. Certain researchers also focused their studies on other topological honeycombs [18] [19] [20] . Zhang et al. [21] performed design optimization for the energy absorption of bitubal hexagonal columns with honeycomb core under dynamic axial crushing. Moreover, various experimental studies on the quasi-static and dynamic crush behaviors of honeycombs under out-ofplane compressive loads have been reported [16, [22] [23] [24] [25] . e testing results corroborated that the dynamic crushing force was generally bigger than the quasi-static one. e dynamic test results affirmed that honeycomb structures have similar characteristics under quasi-static loading. Hence, analyzing the crushing properties of metal honeycomb structures with quasi-static load is essential.
is study analytically and experimentally investigated the out-of-plane crushing of metal hexagonal honeycombs with various cell specifications. e mathematical models of mean crushing stress and peak crushing stress for metal hexagonal honeycombs were predicted. In addition, the accuracy of the models was validated by comparing with the experimental results.
erefore, the analytical solutions complied with the experimental results well.
Theoretical Analysis
e commercial finite element codes can simulate the entire deformation process of honeycombs with various cell specifications [26] [27] [28] [29] [30] . However, the theoretical expressions can give a direct prediction and can be employed when no computer is available [15] . is study focused on adhesively bonded metal hexagonal honeycombs. By taking certain assumptions, we presented a simplified analysis model to describe the collapse of hexagonal honeycombs. As adopted by most researchers in the theoretical analysis of the progressive buckling of honeycomb structures, rigid-perfectly plastic material and constant local buckling wavelength 2H assumptions were made in the analysis. Figure 1 exhibits that every basic element will deform at the middle point during the deformation process, which can be called "plastic hinge."
We take a single "Y" cross-sectional column model that can well predict the crush behavior to analyze the properties of hexagonal honeycombs. Single-and double-foil portions of the cell walls were also accounted. Figure 2 depicts that each "Y"-shaped cellular cell has two t thicknesses and l/2 length and one 2t thickness and w/2 length simple super folded element. Figure 2(a) shows the cross-section configuration of hexagonal honeycombs, and that the angle between the adjacent cells is α. Figures 2(b) and 2(c) illustrate the cross section and stereogram of "Y"-shaped cellular cells. We also assumed that, during the entire deformation process, honeycomb structures will not be broken and that the influence on honeycomb mechanical properties from adhesion is not considered.
Mean Crushing Stress.
Chen and Wierzbicki adopted a simplified approach for deriving the analytical solution of the mean crushing stress of thin-walled structures. To apply the super folding element method to the thin-walled structures, they proposed a basic folding element with C length and 2H height. e basic folding element absorbs energy from bending and deformation. Figure 3 shows two modes of energy absorption for a simple folding element, with each basic folding element containing four extensional triangles and four static plastic hinge lines. For the bending absorption mode, four static plastic hinge lines rotate θ to absorb energy, and the deforming mode absorbs energy from the deformation of four extensional triangles. Figure 3 depicts that the energy equilibrium of one wavelength of "Y"-shaped cellular cells during the process of progressive folding can be expressed as follows:
where F m denotes the mean force, k is the axial displacement rate, E b is the bending energy, and E m is the membrane energy. e bending energy can be calculated by summing up the energy dissipation at four stationary hinge lines. Given the adhesive technology, "Y"-shaped cellular cells have one basic folding element with a thickness of 2t and two basic folding elements with a thickness of t; hence, the bending energy can be shown as follows:
where M 0 ′ denotes the fully plastic bending moment of the t thickness element, M ″ 0 is the fully plastic bending moment of the 2t thickness element, and θ i is the rotation angle at each hinge line.
e fully plastic bending moment has two expressions. One is based on the Tresca yield criterion and can be shown as follows:
In a simple super folding element method, σ 0 is the flow stress with a power hardening law: Shock and Vibration
where σ y and σ u denote the yield stress and ultimate strength of the material, respectively, and n is the exponent of the power law. For the reason that the materials of the metal honeycomb have high plasticity, the metal honeycomb material can be regarded as an ideal elastic-plastic material. erefore, the yield stress is the stress of this material when its corresponding value stops increasing after yield.
However, quasi-static crush tests corroborate that the material hardening has little influence on honeycomb mechanical properties; thus, we took the honeycomb basis material yield stress as σ 0 .
In a wavelength "Y"-shaped cellular cell, the bending energy is as follows:
e membrane energy can be calculated by integrating the extensional and compressional areas:
Equations (5) and (6) affirm that the mean force F, which means the average value of resistance force in honeycomb deformation, can be obtained as follows: Shock and Vibration 3
Wavelength H can be determined by the stationary condition of the mean force, namely, zF/zH � 0, which leads to the following:
Substituting Equation (7) in Equation (8), the final expression of F is as follows:
e mean crushing stress of "Y"-shaped cellular cells undergoing axial load is as follows:
For regular hexagonal honeycomb structures, α � 30°, w � l, and then the mean crushing stress of regular hexagonal honeycombs can be shown as follows:
Another fully plastic bending moment is based on the Mises yield criterion and can be shown as follows:
Substituting Equation (12) with Equation (2) and repeating the derived process, we can get the half wavelength plastic hinge based on the Mises yield criterion:
e mean force is the following:
e mean crushing stress of hexagonal honeycombs is as follows:
e mean crushing stress of regular hexagonal honeycombs is as follows:
For the purpose of convenient analysis, Wierzbicki's model was also used for comparison. e Wierzbicki's mean crushing stress of regular hexagonal honeycombs is as follows:
Taking regular hexagon metal honeycombs as examples, Figure 4 gives three calculation results on the mean crushing stress of honeycombs.
e mean crushing stress values calculated by Equations (11) and (16) are less than those in Wierzbicki's model. All the mean crushing stresses can apply a power exponential equation fitting to the plateau stress vs the thickness-to-length ratio curve.
Peak Crushing Stress.
When loaded in the out-of-plane direction, hexagonal honeycombs have a peak crushing stress at the initial deformation process. is peak crushing stress is commonly used as the safety assessment of buffering structures. In the existing references, the calculation formula on honeycomb peak crushing stress is semiempirical and can be expressed as follows:
where E is the elastic modulus of basic materials of honeycombs and ] is the Poisson ratio of basic materials of honeycombs. Considerable experimental studies affirm that this semiempirical formula has low accuracy, especially in the calculation of high-density honeycomb peak crushing stress.
erefore, building constitutive models on peak crushing stress of honeycombs under out-of-plane compression is necessary. Figure 5 (a) exhibits the ideal model of the hexagonal cellular structure for elastic buckling. Given the symmetry of hexagonal honeycombs, the honeycomb structure has periodic buckling with axial loads, and the length of each buckling length is plastic hinge length. Assuming a "Y"-shaped cellular cell as a slender bar, when loaded in out of plane the slender bar will deform like a parabola line shown in Figure 5(b) .
With a "Y"-shaped cellular cell as a slender bar, according to the deformation shown in Figure 5(b) , the peak crushing stress of hexagonal honeycombs with out-of-plane loads can be calculated by using an energy method.
e deflection curve equation of the slender bar is as follows:
where τ denotes the deflection of the slender bar, x is the microdeformation on axial, δ y is the maximum deflection of the slender bar, and D y is the length of the slender bar, D y � 2H(mm). e bending moment of any section of the slender bar is as follows:
where P is the axial load. e deformation energy from bending is as follows:
Shock and Vibration
Substituting Equation (20) with Equation (21), the final expression of ΔU is as follows:
where I denotes the section inertia moment of "Y"-shaped cellular cells. Figure 2 (b) affirms that the section inertia moment can be shown as follows:
e axial deformation of the slender bar is as follows:
where ds is the curvature of parabola. Equation (24) can be simplified as follows:
e energy from axial load during microdeformation is as follows:
Given that ΔW � ΔU, peak crushing load P is as follows:
With the plastic hinge length model calculated by the Tresca yield criterion, the length of the slender bar is as follows:
Substituting Equation (28) with Equation (27), the final expression of peak crushing loads for honeycomb structures is as follows:
us, the peak crushing stress of honeycombs based on the Tresca yield criterion is as follows:
For regular hexagonal honeycombs, α � 30°and w � l, the peak crushing stress can be shown as follows:
e peak crushing stress for hexagonal honeycombs based on the Mises yield criterion can be shown as Equation (32) by repeating the derived process:
For regular hexagonal honeycombs, the peak crushing stress is as follows:
Taking regular hexagon metal honeycombs as examples, Figure 6 gives three calculation results on the peak crushing Shock and Vibration 5 stress of honeycombs. For calculation of the peak crushing stress for classical equations, the Poisson ratio can be selected as 0.3.
Experimental Program and Material Properties

Experimental Program.
A set of regular hexagonal honeycombs made of aluminum 3003H18 was tested to investigate the out-of-plane mechanical property of metal honeycombs. Nine types of regular hexagonal honeycombs with cell thickness of 0.04 mm, 0.05 mm, and 0.06 mm and cell lengths of 4 mm, 5 mm, and 6 mm have been used for testing. All out-of-plane crush testing was quasi-static using a 50 kN capacity Instron material testing machine with computer control and data acquisition systems. During the testing, the top platen of the machine was moved vertically downward to compress the specimens, and the loading speed was 10 mm/min. To reduce the effect of model size on results, the stress-strain curve was used to analyze instead of the load-deformation curve.
Material Properties.
e material of the metal honeycomb is aluminum 3003H18, and standard tensile tests were used to establish the stress-strain curves. According to the Chinese national standard for the tensile testing of metallic materials at room temperature, tensile tests of aluminum 3003H18 foil materials with three thicknesses of 0.06 mm, 0.05 mm, and 0.04 mm were carried out. Under the condition of 20°room temperature, the tensile test is conducted in an Instron 5969 mechanical testing machine with a tensile speed of 10 mm/min. Figure 7 exhibits the test equipment and specimen.
Tensile tests were repeated four times for each thickness of aluminum foils to ensure the accuracy and reliability of the measured data. With the aluminum foil material with a thickness of 0.06 mm as an example, its quasi-static tensile mechanical test stress-strain curve is shown in Figure 8 . e figure affirms that the 3003H18 material is a typical elasticplastic material with good elasticity and plasticity. Table 1 shows the tensile test results of aluminum foils.
Experimental Investigation.
Under the conditions of 20°r oom temperature, the test was carried out with a compression speed of 10 mm/min using an Instron 5969 type static universal mechanical testing machine for quasi-static compression. Figure 9 shows the test equipment.
e mechanical properties of the aluminum honeycomb are characterized using stress-strain curves, which can avoid being affected by the size of the specimen and obtain a unified evaluation index, to make the test result universal. Using this method, we can obtain the mean crushing stress and peak crushing stress values of nine types of honeycomb structures. Tables 2 and 3 
Results and Discussions
For the analysis of the accuracy of the theoretical models, the deviation between the theoretical predicted values and the testing values was analyzed. Figure 10 is the deviation chart of the quasi-static mean crushing stress theoretical predicted values and tested values. With the analyzing the data in Table 2 and Figure 10 , the following conclusions can be obtained:
(1) Compared with the nine tested values, the mean crushing stress theoretical predicted value of the hexagonal honeycomb structure established by the Mises yield criterion is σ m � 3.097σ 0 (t/l) 3/2 . e deviation is −3.12%∼5.74%, the average deviation is 0.98%, and the standard deviation is 2.88%. (2) e mean crushing stress theoretical predicted value of hexagonal honeycomb structure established by the Tresca yield criterion is σ m � 3.329σ 0 (t/l) 3/2 . Compared with the experimental result, the deviation is −10.83%∼1.33%, the average deviation is −5.18%, and the standard deviation is −5.18%. (3) e semiempirical model σ m � 6.6(t/l) 5/3 σ 0 can be used to calculate the mean crushing stress given by Wierzbicki [3] . e deviation is −5.14%∼8.41%, the average deviation is 3.14%, and the standard deviation is 5.07%.
e Mises yield criterion defines that, in the plastic state, the equivalent stress always equals to the flow stress, where the flow stress is characterized by the true stress rather than the nominal stress.
erefore, the mean crushing stress prediction model based on the Mises yield criterion has the highest accuracy in the three prediction models. Meanwhile, the Tresca yield criterion defines that a material will yield when maximum shear stress reaches a certain limit value. Experimental investigations corroborate that the toughness of metal materials such as aluminum, copper, and aluminum alloy complies with the Mises yield criterion well, which is the main reason that the theoretical model based on the 6 Shock and Vibration
Mises yield criterion has higher calculation accuracy than that based on the Tresca yield criterion. Figure 11 is the deviation chart of the three types of quasi-static peak crushing stress theoretical predicted values and testing values. From Figure 11 and Table 3 , we can obtain the following:
(1) Compared with the nine tested values, the peak crushing stress theoretical predicted value of the 
e deviation is −67.11%∼ 23.68%, the average deviation is −13.3%, and the standard deviation is 27.85%. e peak crushing stress prediction model based on the Tresca yield criterion has the highest accuracy in the three prediction models. e ideal buckling model for hexagonal honeycombs is shown in Figure 5 (a), when honeycomb Table 3 : Comparison of three types of theoretical models for peak stress. 
Conclusions
In this paper, a new method to predict the mean crushing stress and peak crushing stress of metal hexagonal honeycomb structures under out-of-plane loading has been given. In addition, experimental studies for metal honeycomb structures with quasi-static loads were carried out. e analytical solutions comply with the experimental results well. Compared with the experiment results, the theoretical model of mean crushing stress based on the Mises yield criterion has a deviation ranging between −3.15% and 5.74%, the average deviation is 0.98%, and the standard deviation is 2.88%. e theoretical model of the peak crushing stress established by the Tresca yield criterion has a deviation ranging between −12.76% and 9.69%, the average deviation is −3.72%, and the standard deviation is 8.1%. ese studies not only are supplements to theoretical study of metal honeycombs but also are significant in the development of different topological honeycomb structural members in the future.
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